Abstract. In this note we give an explicit construction of Sasaki-Einstein metrics on a class of simply connected 7-manifolds with the rational cohomology of the 2-fold connected sum of S 2 × S 5 . The homotopy types are distinguished by torsion in H 4 .
Introduction
Sasaki-Einstein metrics on 7-manifolds continue to play an important role in Mtheory as well as black hole physics [Spa11, GLPS17, MT18] . An important reason for this is that Sasaki-Einstein manifolds admit supersymmetry and are used in the AdS-CFT correspondence. For such reasons it seems important to have a large list of explicit examples of Sasaki-Einstein 7-manifolds that can be used as possible models. Since these SE metrics are toric, general existence of such metrics in well known [FOW09, Leg16] . What is new here is an explicit construction of such metrics, their relation with Bott manifolds (orbifolds), and the topological description of the 7-manifolds. We give an explicit construction of toric Sasaki-Einstein (SE) 7-manifolds which can be represented as S 1 orbibundles over 2-twist stage 3 Bott orbifolds. All of these are obtained by adding orbifold structures to certain stage 3 Bott manifolds which were studied in [BCTF18] . The 7-manifolds all have the rational cohomology of the 2-fold connected sum 2(S 2 ×S 5 ) and are generalizations of the SE 7-manifolds given by Theorem 1.2 of [BTF15] .
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Stage Three Bott Towers and Orbifolds
Following [GK94] and [BCTF18] we consider Bott towers which in arbitrary dimension is represented by a lower triangular unipotent matrix A over Z. Here we deal only with stage 3 Bott towers, so the matrix A in [GK94, BCTF18] takes the form . Here in our case M 3 = M 3 (a, b, c) is a stage 3 Bott manifold, M 2 (a) is a Hirzebruch surface H a = P(1l ⊕ O(a))− − →CP 1 , and M 1 = CP 1 . M 3 (a, b, c) can be viewed as the total space of CP 1 bundle over the Hirzebruch surface H a , and also a bundle of Hirzebruch surfaces over CP 1 with fiber H c . Bott towers form the object set BT 0 of a groupoid whose morphisms BT 1 are biholomorphisms [BCTF18] , and elements of the quotient space BT 0 /T 1 are identfied with biholomorphism classes of Bott manifolds. Since Bott manifolds are toric, they are described by a fan, and it follows from the Bott tower description (3) that the fan of the Bott tower M 3 (a, b, c) is described by the primitive collections (cf. 
We have 4 sets of distinguished invariant bases of the Chow group A 2 (M 3 ) of invariant divisor classes
This gives rise to the 4 sets of dual bases of cohomology classes in H 2 (M 3 , Z), viz 1.2. Bott Orbifolds and log pairs. We are interested in these Bott manifolds, but with an additional special orbifold structure along the T 3 -invariant divisors D v i , D u i . The orbifold structure on M 3 (a, b, c) that we are interested in is given by the log pair (M 3 (a, b, c), ∆ m ) where ∆ m is the branch divisor (13)
where l = gcd(p + q, p − q) which equals 2 if p, q are both odd, and equals 1 if p, q have opposite parity. Note that we choose the standard SE structure on the lefthand S 3 factor, whereas it is the weighted Sasakian structure with weights (
) on the righthand S 3 . If we assume that p > q ≥ 1 are such that 4p 2 − 3q 2 ∈ N, then the SasakiEinstein structure on Y p.q is quasi-regular [GMSW04] . Indeed, the η-Einstein structure corresponds to a ray in the so-called w subcone is determined by co-prime solutions
(from e.g. (68) in [BTF16] ). Following Theorem 3.8 in [BTF16] , for any choice of quasiregular ray determined by the co-prime pair (v 
w , where Y p,q has a quasi-regular Sasaki structure as above, can then be obtained as the quotient of the following T 2 action on
First we notice that without loss of generality we can assume that gcd(l 1 , m 2 ) = 1, for otherwise we can redefine φ. So our gcd conditions are gcd(l 1 , l 2 m 2 ) = 1, gcd(w 1 , w 2 ) = 1 = gcd(v 0 2 , v ∞ 2 ), and gcd(p, q) = 1. Note that p + q and p − q can have a common factor if and only if both p and q are odd, in which case the common factor is 2. However, M l 1 ,l 2 ,w may not be a smooth manifold. we have 
2 )p * x 2 from which the result follows.
From now on we assume that p > q ≥ 1 are such that 4p 2 − 3q 2 ∈ N and Y 
, I v 2 is given by Lemma 2.2, and ∆ m is the branch divisor
given by (22), and
Proof. We can follow the proof of Theorem 3.8 of [BTF16] with the caveat that N is a Hirzebruch orbifold (H a , ∆ m 2 ). As in Equation (3) of [BTF16] we have the commutative diagram (25)
where the πs are the obvious projections, and the orbifold (H a , ∆ m 2 ) is the quotient by the locally free S 1 action on Y p,q generated by the quasi-regular Reeb vector field
) and a is given in Equations (22). The holomorphic line bundle L n = L n now becomes the holomorphic line orbibundle with L determined by the "primitive" Kähler class in
We make note of the fact that
-fold covering map. Now as in Section 3.5 of [BTF16] we want to describe the base orbifold B l,v,w of the S 1 orbibundle generated by the locally free action of the quasi-regular Reeb vector field ξ m 3 of the SE structure on the join Y p,q ⋆ ℓ S 3 w . We see that the analysis of Section 3.5 of [BTF16] goes through verbatim through Remark 3.7 with M = Y p,q and N = (H a , ∆ m 2 ). In particular, from Lemma 3.6 of [BTF16] we obtain the base orbifold
and from Theorem 3.8 of [BTF16] we have
Then from the proof of Theorem 3.8 we see that the quotient is the total space of the projective orbibundle P(1l ⊕ L n ) over (H a , ∆ m 2 ) whose invariant divisors are generally branch divisors of an orbifold. But then using Lemma 1.1 this is precisely a stage 3 Bott orbifold (M 3 (a, b, c), ∆ m ) for some b, c and where a is given in Equations (22). The fact that Y p,q as a join has the form of Equation (20) with the standard regular Sasakian structure on the first S 3 implies that the ramification indices m 1 = (1, 1). It remains to check the equations for b and c. For this we make use of an orbifold version of Proposition 1.5 in [BCTF18] . Explicitly, we have
We know that L n is the nth tensor product of the line orbibundle L which is determined by the Kähler class
. The equations for b and c then follow by equating coefficients in this and in Lemma 2.4. , respectively [Don12, CDS15] . By this we mean that there is a Kähler metric ω which is smooth on M n (a, b, c) \ ∆ m which extends to M n (a, b, c) as a closed positive (1, 1) current satisfying certain uniformity requirements. See Definition 1.3 of [CDS15] for the precise statement. For arbitrary m we say that c orb 1 (M 3 (a, b, c), ∆ m ) represents a cone singularity along the divisor ∆ m . The rational entries in the interval (0, 1) are related to the so-called 'ramifolds' [RT11] . As in this reference we shall also assume hereafter that m (M 3 (a, b, c) , ∆m).
The Topology of
It is important to remember that generally the topology of a join depends on the choice of Sasakian structure (through its Reeb vector field) of each factor. We assume that (p, q) are relatively prime with 1 ≤ q < p and that l 1 , l 2 , w 1 , w 2 are chosen such that M 7 is smooth. We show first that our Sasaki 7-manifolds M 7 have the rational cohomology of the 2-fold connected sum (S 2 × S 5 )#(S 2 × S 5 ). The integer cohomology groups are only distinguished by torsion in H 4 . Moreover, the torsion depends on the choice of quasi-regular Sasakian structures on Y p,q and S 3 . For the most generality we choose arbitrary quasi-regular Sasakian structure in the so-called w subcone of the Sasaki cones for both Y p,q and S 3 (of course, the w cone of S 3 is its entire Sasaki cone). 
w have the rational cohomology of the connected sum (S 2 × S 5 )#(S 2 × S 5 ). Furthermore, the only torsion that occurs is
We begin with some lemmas.
w satisfy the following conditions:
Proof. From the long exact homotopy sequence for the fibration
we conclude that M 7 is simply connected and that π 2 (M 7 ) = Z 2 . Thus, by Hurewicz H 2 (M 7 , Z) = Z 2 which implies (4) by universal coefficients, and then by item (1)
Item (5) follows from Poincaré duality and the fact that M 7 admits a Sasakian structure.
Actually we have
+ . So by naturality we have d 2 (α ⊗ x i ) = (c 1 x 1 + c 2 x 2 + c 3 x 3 )x i . Suppose there would exist a class w = w 1 x 1 + w 2 x 2 + w 3 x 3 ∈ E 2,0 2 such that d 2 (α ⊗ w) = 0. Then the 3-class α ⊗ w would survive to the limit giving a nonzero element in H 3 (M 7 , Q) by the Leray-Serre Theorem. Now the cohomology ring of
So computing the d 2 differential we have Proof of Theorem 3.1: It follows from Lemmas 3.2 and 3.3 and the fact that the homology (cohomology) of a connected sum is the direct sum of the homology (cohomology) of the two factors that M 7 has the rational homology (cohomology) of the connected sum (S 2 × S 5 )#(S 2 × S 5 ). By Poincaré duality and Lemma 3.2 it follows that H 5 (M 7 , Z) and H 6 (M 7 , Z) have no torsion. So it suffices to compute the torsion in H 4 (M 7 , Z). First Lemma 3.4. We have
Proof. The Leray sheaf of the map
is the derived functor sheaf R s pZ, that is, the sheaf associated to the presheaf U → H s (p −1 (U), Z). For s > 0 the stalks of R s pZ at points of U vanish if U lies in the regular locas of (H a , ∆ m ) which is the complement of the union of the zero e 0 and infinity e ∞ sections of the natural projection H a − − →CP 1 . However, at points of e 0 and e ∞ the fibers of p are (up to homotopy) the Eilenberg-MacLane spaces K(Z m 0 , 1) and K(Z m ∞ , 1), respectively. So at points of e 0 (e ∞ ) the stalks are the group cohomology
. This is Z for s = 0 and Z m 0 (Z m ∞ ) at points of e 0 (e ∞ ) when s > 0 is even; it vanishes when s is odd. The E 2 term of the Leray spectral sequence of the map p is E r,s
and by Leray's theorem this converges to the orbifold cohomology H 
One easily sees this spectral sequence collapses whose limit is the orbifold cohomology 
Here BG is the classifying space of a group G or Haefliger's classifying space [Hae84] of an orbifold if G is an orbifold. The lower exact fibration is a product of fibrations. We denote the orientation classes of Y p,q × S 3 = S 2 × S 3 × S 3 by α, β, γ, respectively. As in 3.2.2 of [BTF15] we have d 4 (γ) = w 1 w 2 s (32) The base of the construction will in this case be a Kähler-Einstein Hirzebruch orbifold (H a , ∆ m 2 ). This is the Kähler quotient of the quasi-regular Sasaki-Einstein Y p,q examples produced in [GMSW04] ). Now Y p,q may be viewed as the total space of a S 1 principal orbi-bundle, P , over (H a , ∆ m 2 ) defined by the class
, where the notation is as in Lemma 2.2. In particular, the index of ( 
As we saw in Example 6.8 of [BTF16] , the metric g base is explicit and "admissible" in the sense of [ACGTF08] . Note that the Ricci form of g base is given by ρ base = I v 2 ω base .
We consider the generalized Calabi construction of orbifold Kähler metrics on the bunde P × S 1 CP
. This may also be viewed as an admissible construction -extended to mild orbifold cases.
Definition 4.1. Generalized orbifold Calabi data for our purposes.
(1) A log pair (H a , ∆ m 2 ) with Kähler-Einstein structure (ω base , g base ) such that From this data we may define the orbifold (−1, 1) ). Since the curvature 2-form of P n has type (1, 1),M 3 is a holomorphic principal C * bundle with connection θ ∈ Ω 1 (M 3 , R) and M 3 is a complex orbifold.
OnM 3 we define Kähler structures of the form 
Explicit Sasaki-Einstein metrics
We now look more closely for explicit Sasaki-Einstein examples arising from the join from Theorem 2.3. The arguments in Sections 6.1 and 6.2 of [BTF16] (see specifically page 1053) carry through so that we have an adapted version of Theorem 1.4 of [BTF16] :
.
Then for each vector w = (w 1 , w 2 ) ∈ Z + × Z + with relatively prime components satisfying w 1 > w 2 there exist a Reeb vector field ξ v 3 in the 2-dimensional w-Sasaki cone on M 7 such that the corresponding Sasakian structure is Sasaki-Einstein.
Specifically, using equation (59) . Now with this r 3 , and the above choice of (l 1 , l 2 ), (35) is automatically solved and (36) becomes (similarly to (68) in [BTF16] )
This equation defines a priori a quasi-regular Sasaki η-Einstein ray (and thus, up to transverse homothety, a Sasaki-Einstein structure), but, by the same arguments as in Section 6.1 of [BTF16] , any solution (v 
The ray of the Reeb vector field of the SE metric is then given by
The SE metric is quasi-regular when k is a rational root of (38) and irregular when it is an irrational root.
It follows from the analysis in Section 6.2 of [BTF16] that the positive real root k lies in the open interval (1, ∞).
5.1. Quasi-regular examples. Changing our point of view we see that for any k ∈ (1, +∞) ∩ Q we can choose (w 1 , w 2 ) such that (40) w 2 /w 1 = 3 + 2k + k 2 k(1 + 2k + 3k 2 ) and then the Sasaki-Einstein metric from Theorem 5.1 is quasi-regular with ray v 3 defined by Equation (39). We now give some examples. Since 13 is prime the bouquet consists of p − 1 = 12 Sasaki cones labeled by the 12 positive integers 1 ≤ q < 13 and as such contains 12 Sasaki-Einstein metrics. However, in order to construct SE metrics on our 7-manifolds, we need the SE structure on Y p,q to be quasi-regular. It is easy to check that for the bouquet {Y 13,q } 12 q=1 the only values of q where the SE metric is quasi-regular is for q = 7, 8, all the other SE metrics in the bouquet are irregular. Let us look at these two cases a bit closer. are not homotopy equivalent. For both of these 7-manifolds the Reeb field that gives the SE metric is quasi-regular. Moreover, they are both induced from the same Reeb ray, namely {ξ a(17,11) } a>0 of the same S 3 (34,11) , and b is the same for the quotient orbifolds.
For each choice of the rational number k > 1 we obtain a pair of quasi-regular SE 7-manifolds induced by the S 3 w join and its Reeb field ξ v 3 where w and v 3 are determined by Equations (38) and (39).
Example 5.4. Here we give a 1-parameter family of smooth quasi-regular examples. First, let k 2 ∈ Z ≥0 be given (using the subscript "2" to indicate that this is a choice at the second stage). Then from [GMSW04]) we get a quasi-regular Sasaki-Einstein Y 3 ) = (17, 9). Using Lemma 2.1, we know that the corresponding Sasaki structure is a smooth manifold if and only if gcd(l 2 (12k 2 2 + 18k 2 + 7)(3 + 4k 2 ), 17l 1 ) = 1 gcd(l 2 ((12k 2 2 + 18k 2 + 7)(3 + 4k 2 ), 3l 1 ) = 1 gcd(l 2 (12k 2 2 + 18k 2 + 7))2((1 + k 2 )), 17l 1 ) = 1 gcd(l 2 (12k 2 2 + 18k 2 + 7)2(1 + k 2 ), 3l 1 ) = 1
In order to get smooth examples, let us now assume k 2 = 255 t + 10 with t ∈ Z + . Then we have I v 2 = 5(306 t + 13) l 1 = 306 t + 13 l 2 = 4 n = 51(306 t + 13) m 3 = 2 and then the corresponding Sasaki structure is a smooth manifold if and only if gcd(4(1387 + 65790t + 780300t 2 )(1020 t + 43), 17(306 t + 13)) = 1 gcd(4(1387 + 65790t + 780300t
2 )(1020 t + 43), 3(306 t + 13)) = 1 gcd(8(1387 + 65790t + 780300t
2 ))(255 t + 11), 17(306 t + 13)) = 1 gcd(8(1387 + 65790t + 780300t
2 ))(255 t + 11), 3(306 t + 13)) = 1.
if and only if gcd((1387 + 65790t + 780300t 2 )(1020 t + 43), (306 t + 13)) = 1 gcd((1387 + 65790t + 780300t
2 ))(255 t + 11), (306 t + 13)) = 1.
Since ∀t ∈ Z + , 6(255 t + 11) − 5(306 t + 13) = 1 10(306 t + 13) − 3(1020 t + 43) = 1 3 (780300t 2 + 65790t + 1387) − (7650t + 320)(306t + 13) = 1, we have that this is always satisfied. Note that with k 2 = 255 t + 10 we get a = 6(255 t + 11)(510 t + 21)(1020 t + 43) b = 204(255 t + 11)(765 t + 32)(1020 t + 43)(306 t + 13) 
